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1 Rezumat

Grassmannianul neliniar este versiunea neliniară a Grassmannianului subspat, iilor liniare
de dimensiune fixată ı̂ntr-un spat, iu vectorial dat. Mai precis, Grassmannianul neliniar de
tip S ı̂nM , notat GrS(M), este format din toate subvarietăt, iile unei varietăt, i diferent, iabile
M care sunt difeomorfe cu o varietate diferent, iabilă S. Varietatea S este ı̂nchisă, dar nu
neapărat conexă, s, i avem dimS ≤ dimM . Grassmannianul neliniar GrS(M) este spat, iul
bază al unui fibrat principal cu spat, iu total Emb(S,M), care reprezintă spat, iul scu-
fundărilor de la S la M , s, i grup structural Diff(S), acesta din urmă fiind grupul Lie
al difeomorfismelor de la S la S. Aceste spat, ii se pot ı̂nzestra cu structuri de varietăt, i
Frećhet.

Generalizarea Grassmannianului neliniar este varietatea drapelelor neliniare. Fie S =
(S1, . . . , Sr). Un drapel neliniar de tip S ı̂nM este un r-tuplu (N1, . . . , Nr) de subvarietăt, i
ale lui M , fiecare Ni difeomorf cu Si corespunzător, care sunt scufundate una ı̂n cealaltă:
N1 ⊆ N2 ⊆ · · · ⊆ Nr. Varietatea reperelor neliniare, care este formată din colect, ii
adecvate de scufundări de la Si la M , reprezintă spat, iul total al unui fibrat principal
peste varietatea drapelelor neliniare, FlagS (M) cu grup structural

∏r
i=1Diff(Si).

Varietatea drapelelor neliniare FlagS (M) este o subvarietate diferent, iabilă de tip
Fréchet a varietăt, ii produs

∏r
i=1 GrSi

(M). Mai poate fi privită s, i ca un turn de Grass-
mannieni, mai precis ca un produs torsionat al Grassmannienilor neliniari GrS1(S2),...,
GrSr−1(Sr) s, i GrSr(M). Atât Grassmannianul neliniar s, i varietatea de drapele neliniare
pot fi decorate cu diverse structuri, pentru a le ı̂mbogăt, i proprietăt, iile. Acest lucru se
poate realiza ı̂ntr-un mod elegant cu ajutorul fibratelor asociate.

Obiectivul acestei teze este prezentarea diferitelor domenii ı̂n care varietăt, iile de
drapele neliniare apar s, i se dovedesc utile. Teza este structurată ı̂n patru capitole: In-
troducere (Introduction), Grassmannieni neliniari s, i drapele neliniare (Nonlinear Grass-
mannians and nonlinear flags), Curbe de vorticitate decorate cu puncte de vorticitate
(Pointed vortex loops), Spat, ii de forme formte din drapele neliniare (Shape spaces of
nonlinear flags).

În primul rând, ı̂n capitolul al doilea, prezentăm teoria existentă cu privire la Grass-
mannieni neliniari s, i varietăt, iile de drapele neliniare [17, 18]. Prezentăm câteva structuri
diferite cu care putem decora un drapel neliniar (orientări, densităt, i, forme volum), dis-

cutăm modul ı̂n care fixarea unui s, ir de scufundări S1
ι1
↪→ S2

ι2
↪→ . . .

ιr−1

↪→ Sr influnet,ează
(N1, . . . , Nr), s, i oferim exemple pentru cazurile considerate.

În capitolul trei, arătăm cum anumite configurat, ii de vorticităt, i singulare ı̂n fluide
ideale doi-dimensionale pot fi realizate ca orbite coadjuncte ale grupului de difeomorfisme
Hamiltoniene ale planului [14]. Acestea sunt punctele de vorticitate, curbele de vorticitate
s, i curbele de vorticitate decorate cu puncte de vorticitate, pe care le numim “pointed
vortex loops”. Facem o paralelă ı̂ntre curbele de vorticitate decorate cu puncte s, i drapelele
neliniare modelate pe S = (S1, S2) unde S1 este o mult, ime de k puncte din plan s, i S2

cercul unitate. Rezultatele originale din acest capitol au fost publicate ı̂n [6].
În final, ı̂n capitolul al patrulea, investigăm problema ı̂nzestrării unui spat, iu de

suprafet,e decorate cu curbe cu o metrică Riemanniană de tip elastic, motivat, i de dorint,a
de a compara două obiecte fără a t, ine cont de modul ı̂n care acestea sunt parametrizate.
Forma unei suprafet,e este invariantă la reparametrizare, de aceea definim spat, iul formelor
(“shape space”) ca spat, iul cât al spat, iului tuturor scufundărilor posibile ale curbei sau
suprafet,ei ı̂n raport cu act, iunea grupului reparametrizărilor. O metrică Riemanniană
pe acest spat, iu ne dă posibilitatea de a calcula geodezice independent de modul ı̂n care
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suprafet,ele sau curbele sunt parametrizate.
Spat, iul formelor format din suprafet,e decorate cu curbe reprezintă un exemplu de va-

rietate de drapele neliniare de tip S1 ι
↪→ S2, unde S1 este cercul unitate scufundat ı̂n sfera

unitate S2 ca ecuator. În acest caz, grupul reparametrizărilor constă ı̂n difeomorfisme
ale sferei care pot fi restrict, ionate la difeomorfisme ale ecuatorului. Pentru a obt, ine o
metrică Riemanniană pentru spat, iul nostru de forme, combinăm metrica elastică pentru
curbe dezvoltată ı̂n [30] s, i metrica elastică pentru suprafet,e dezvoltată ı̂n [21], urmărind
procedura descrisă ı̂n [33]. Rezultatele originale din acest capitol au fost publicate ı̂n [5].

Cuvinte cheie: Grasmannian neliniar, drapel neliniar, orbită coadjunctă, metrică
elastică, punct de vorticitate, curbă de vorticitate, spaţiu de forme.
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2 Summary

The nonlinear Grassmannian is the nonlinear version of the Grassmannian of linear sub-
spaces of fixed dimension in a given vector space. More precisely, the nonlinear Grass-
mannian of type S in M , denoted by GrS(M), consists of all submanifolds of a smooth
manifold M that are diffeomorphic to a smooth manifold S. Here S is a closed but
not necessarily connected manifold, with dimS ≤ dimM . The nonlinear Grassmannian
GrS(M) represents the base space of a principal bundle with total space Emb(S,M), the
space of embeddings of S into M , and structure group Diff(S), the latter denoting the
Lie group of diffeomorphisms of S. These spaces can be endowed with Fréchet manifold
structures.

The nonlinear Grassmannian generalizes to the manifold of nonlinear flags as follows.
Let S = (S1, . . . , Sr). A nonlinear flag of type S in M is an r-tuple (N1, . . . , Nr) of
submanifolds of M , each Ni diffeomorphic to the corresponding Si, that are embedded
into each other: N1 ⊆ N2 ⊆ · · · ⊆ Nr. The manifold of nonlinear frames, consisting of a
suitable collection of embeddings from Si into M , represents the total space of a principal
bundle over the nonlinear flag manifold FlagS (M), with structure group

∏r
i=1Diff(Si).

The nonlinear flag manifold FlagS (M) is a splitting smooth Fréchet submanifold of
the product manifold

∏r
i=1 GrSi

(M). It may also be regarded as a tower of Grassman-
nians, more precisely as a twisted product of the nonlinear Grassmannians GrS1(S2),...,
GrSr−1(Sr) and GrSr(M). Both the nonlinear Grassmannian and nonlinear flag manifold
can be decorated with various structures in order to enrich their properties. This is done
in an elegant way via associated bundle constructions.

The objective of the present thesis is to showcase the different areas in which manifolds
of nonlinear flags appear and prove to be useful.

Firstly, in chapter two we survey the existing theory of nonlinear Grassmannians and
nonlinear flags [17, 18]. We showcase a few different structures with which we can endow
nonlinear flags (orientations, densities, volume forms), discuss the ways in which fixing

a sequence of embeddings S1
ι1
↪→ S2

ι2
↪→ . . .

ιr−1

↪→ Sr affects (N1, . . . , Nr), and provide low
dimensional examples of the different cases under consideration.

In the third chapter, we show how several singular vortex configurations in ideal
two-dimensional fluids can be realised as coadjoint orbits of the group of Hamiltonian
diffeomorphisms of the plane [14]. These are point vortices, vortex loops, and pointed
vortex loops; we define the latter as a combination of the first two. We draw a parallel
between pointed vortex loops and nonlinear flags modeled on S = (S1, S2) where S1 is a
set of k points in the plane and S2 is the unit circle. The original results in this chapter
have been published in [6].

Finally, in the fourth chapter, we investigate the problem of endowing a space of
surfaces decorated with curves with a Riemannian metric of elastic type, motivated by
the desire to compare two objects without caring about the way in which they are pa-
rameterized. The shape of a surface is invariant to reparameterization, therefore we
define a shape space as the quotient space of the space of all possible embeddings of a
curve/surface by the group of reparameterizations. Having a Riemannian metric on this
shape space allows us to compute geodesics independently of the way surfaces and curves
may be parameterized.

The shape space of surfaces decorated with curves represents an example of a nonlinear

flag manifold of type S1 ι
↪→ S2, where S1 is the unit circle embedded as the equator in the

unit sphere S2. In this case, the group of reparameterizations consists of diffeomorphisms
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of the sphere that restrict to diffeormophisms of the equator. We combine the elastic
metric for curves developed in [30] and the elastic metric for surfaces developed in [21],
following the gauge invariance procedure described in [33], to obtain a Riemannian metric
for our shape space.

The original results in this chapter have been published in [5].

Keywords: nonlinear Grassmannian, nonlinear flag, coadjoint orbit, elastic metric,
point vortex, vortex sheet, shape space.
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